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We first apply the transformation of mixing azimuthal with wrapped coordinate to the 11D
M-theory with a stack N M5-branes to find the spacetime of a stack of N D4-branes with
magnetic field in 10D IIA string theory, after the Kaluza-Klein reduction. In the near-horizon
limit the background becomes the Melvin magnetic field deformed AdS6×S4. Although the
solution represents the D-branes under the Melvin RR one-form we use a simple observation
to see that it also describes the solution of D-branes under the Maxwell magnetic field. As
the magnetic field we consider is the part of the background itself we have presented an
alternative to previous literature, because our method does not require the assumption of
negligible back reaction. Next, we use the found solution to investigate the meson property
through D4/D8 system (Sakai-Sugimoto model) and compare it with those studied by other
authors. Finally, we present a detailed analysis about the Wilson loop therein and results
show that the external Maxwell magnetic field will enhance the quark-antiquark potential.
*E-mail: whhwung@mail.ncku.edu.tw
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1 Introduction
The holographic gauge/gravity correspondence has been used extensively to investigate prop-
erties of strongly coupled gauge theories [1-4]. This method has also been studied in various
external conditions, including nonzero temperature [3] and background electric and magnetic
fields [5-10], in which it exhibits many properties that are expected of QCD.
The background magnetic field are particularly interesting in that they may be physically
relevant in neutron stars. The background magnetic fields have also some interesting effects
on the QCD ground state. The basic mechanism for this is that in a strong magnetic field all
the quarks sit in the lowest Landau level, and the dynamics are effectively 1+1 dimensional,
where the catalysis of chiral symmetry breaking was demonstrated explicitly, including the
Sakai-Sugimoto model [8-11].
A method for introducing a background magnetic field has been previously discussed in
the D3/D7 model in ref. [5] (The approach was first used to study drag force in SYM plasma
[12].). The author [5] consider pure gauge B field in the supergravity background, which is
equivalent to exciting a gauge field on the world-volume of the flavor branes. This is because
that the general DBI action is
SDBI =
∫
dp+18ξ e−φ
√
−Det(Gab +Bab + 2πα′Fab)
+
∫ ∑
r
Cr ∧ exp(Bab + 2πα′Fab). (1.1)
Here Gab is the induced metric and Bab the B-field on the Dp probe brane world volume.
Fab is its world volume gauge field and Cr is the RR field.
A simple way to introduce magnetic field would be to consider a pure gauge B-field along
parts of the D3-branes world volume, e.g.: B(2) = Hdx2 ∧ dx3. Since Bab can be mixed with
the gauge field strength Fab this is equivalent to a magnetic field on the world volume. Also,
as the B-field is pure gauge, dB = 0, the corresponding background is still a solution to the
supergravity equation of motion.
Despite that the above observation is really very simple it does suffer some intrinsic prob-
lems in itself.
• First, although adding a pure gauge B-field does not change the backgrounds of the
supergravity we does not know whether adding a pure Maxwell F field strength will modify
the background of metric, dilaton field or RR fields.
• Second, in considering the F1 string moving on the background geometry (such as in
investigating the Wilson loop property [13]) then, as described in the action (1.2), the B-field
is the gauge field to which a string can couple, the effect of B-field on the F1 string will be
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different from that coming from the Maxwell F field strength of potential Aµ, in contrast to
the D-string action described in (1.1).
SNambu−Goto =
∫
dτdσ
√
−Det(Gab) + ǫab∂aXµ∂bXµBµν +
∫
dτX˙µAµ. (1.2)
• Thus, it is useful to find an exact supergravity background which duals to holographic
gauge theory with external Maxwell magnetic field.
To begin with, let us first make a comment about our previous finding about the Melvin
magnetic field deformed AdS5×S5 [14]. In that paper we apply the transformation of mixing
azimuthal and internal coordinate [15] to the 11D M-theory with a stack N M2 branes [16,17]
and then use T duality [18] to find the spacetime of a stack of N D3-branes with external
magnetic field. In the near-horizon limit the background becomes the magnetic deformed
AdS5 × S5 as followings.
ds210 =
√
1 +B2U−2cosγ2
[
U2(−dt2 + dx21 + dx22 +
1√
1 +B2U−2
dx23) +
1
U2
dU2+
(
dγ2 +
cos2γ dϕ21
1 +B2U−2cos2γ
+ sin2γ dΩ23
)]
, with Aφ1 =
BU−2 cos2γ
2 (1 +B2U−2cos2γ)
. (1.3)
As the Aφ1 depend on the coordinate U and not on the D3 brane worldvolume coordinates
t, x1, x2, x3 it is not a suitable background to describe those with external magnetic field.
In section II, we first apply the transformation of mixing azimuthal with wrapped co-
ordinate to the 11D M-theory with a stack N M5-branes [19] to find the spacetime of a
stack of N D4-branes with magnetic field in 10D IIA string theory, after the Kaluza-Klein
reduction [20,21]. In the near-horizon limit the background becomes the inhomogeneously
Melvin magnetic field deformed AdS6 × S4.
In section III, we show that although the supergravity solution represents the D-branes
under the external Melvin RR one-form one can use a simple observation to see it also is the
solution of D-branes under the external Maxwell electromagnetic field. We argue that the
EM field considered by previous authors [8-10] affects only the flavor sector and the color
degrees of freedom do not sense this field. The magnetic we consider in this paper, however,
are the part of the background itself. Therefore, we have presented an interesting alternative
to previous procedures because our method does not require the assumption of negligible
back reaction.
In section IV, we use the found supergravity background to investigate the holographic
gauge theory with external Maxwell magnetic field flux. We discuss the relations between
using above supergravity solution and those using in recent by many authors [5-11] to inves-
tigate the holographic gauge theory with external magnetic field through D4/D8. In section
3
V we investigate the Wilson loop under the external Maxwell magnetic field. The results
show that magnetic field will enhance the quark-antiquark potential and may produce a
negative potential energy.
The last section is devoted to a short conclusion.
2 Supergravity Solution with Melvin Magnetic Field
The bosonic sector action of D=11 supergravity is [19]
I11 =
∫
d11
√−g
[
R(g)− 1
48
F 2(4) +
1
6
F(4) ∧ F(4) ∧A(3)
]
. (2.1)
Using above action the full N M5-branes solution is given by [17]
ds211 = H
−1
3
(
−dt2 + dz2 + dw2 + dr2 + r2dφ2 + dx25
)
+H
2
3
5∑
a=1
dx2a,
Atzwrφx5 = r(H
−1 − 1), (2.2)
in which H is the harmonic function defined by
H = 1 +
1
R3
, R2 ≡
5∑
a=1
(xa)
2 . (2.3)
Following the Melvin twist prescription [15] we transform the angle φ by mixing it with
the wrapped coordinate x5 in the following substituting
φ→ φ+Bx5. (2.4)
Using the above substitution the line element (2.2) becomes
ds211 = H
−1
3 (1+B2r2)
(
dx25 +
Br2
1 +B2r2
dφ
)2
+H
−1
3
(
−dt2 + dz2 + dw2 + dr2 + r
2
1 +B2r2
dφ2
)
+H
2
3
5∑
a=1
dx2a. (2.5)
As the relation between the 11D M-theory metric and string frame metric, dilaton field and
magnetic potential is described by
ds211 = e
−2Φ/3ds210 + e
4Φ/3(dx5 + 2Aµdx
µ)2, (2.6)
the 10D IIA background is described by
ds210 =
√
1 +B2r2
[
H
−1
2
(
−dt2 + dz2 + dw2 + dr2 + r
2
1 +B2r2
dφ2
)
+H
1
2
5∑
a=1
dx2a
]
, (2.7)
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eΦ = H−1/4(1 + B2r2)3/4, Aφ =
Br2
2 (1 +B2r2)
, Atzwrφ = r(H
−1 − 1), (2.8)
in which Aφ is the Melvin magnetic potential and Atzwrφ is the RR field. In the case of
B = 0 the above spacetime becomes the well-known geometry of a stack of D4-branes.
In the Horizon limit the above background becomes
ds210 =
√
1 +B2r2
[
U
3
2
(
−dt2 + dz2 + dw2 + dr2 + r
2
1 +B2r2
dφ2
)
+ U
−3
2
(
dU2 + U2dΩ24
)]
.
(2.9)
The EM field tensor calculated from Aφ is
Frφ = ∂rAφ − ∂φAr = Br
(1 +B2r2)2
⇒ Bz(r) = Fxy = B
(1 +B2r2)2
. (2.10)
In the case of B = 0 above spacetime becomes the well-known geometry of AdS6 × S4.
Thus, this background describes the magnetic Melvin field deformed AdS6 × S4. Let us
make following comments to discuss above solution.
1. We see that there is a factor (1+B2r2) in (2.9). Thus the physical quantities evaluated
in the dual gravity side by above supergravity solution will be not homogeneous on the
x-y plane (x = r cos φ, y = r sinφ). This reflects the inhomogeneity of the Melvin magnetic
field in our solution.
2. To our knowledge, the supergravity solution duals to holographic gauge theory with
constant magnetic field has not yet been found. We thus study the problem under inhomo-
geneous magnetic field and hope that the found properties could, more or less, also show in
the system under a constant magnetic field.
3 Melvin RR Field vs. Maxwell Magnetic Field
3.1 Melvin RR Field
Note that after the Kaluza-Klein reduction by (2.6) the D=11 action (2.1) is reduced to the
type IIA bosonic action which in the string frame becomes [20,21]
IIIA =
∫
d10
√−g
[
e−2Φ
(
R(g) + 4∇MΦ∇MΦ− 1
12
F
(NS)
MNPF
(NS)MNP
)
− 1
48
F
(RR)
MNPQF
(RR)MNPQ − 1
4
F (KK)MN F (KK)MN
]
, (3.1)
in which F (KK)MN is the field strength of the Kaluza-Klein vector Aφ in (2.8). Using above
action we make following remarks :
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1. Above relation shows a distinguishing feature of the NS sector as opposed to the RR
sector: the dilaton coupling is a uniform e−2Φ in the NS sector, and it does not couple (in
string frame) to the RR sector field strengths. It is this property that we shall interprete
the field strength F (KK)MN as the RR field strength and associated Kaluza-Klein vector as the
RR one-form. Therefore our solution (2.7) shall be interpreted as the supergravity solution
of D4 branes under external RR one-form which has a special function form in (2.8).
2. Also, as the NS-NS B field shown in the action is through the strength tensor F
(NS)
MNP ,
which becomes zero if B field is a constant value, we can introduce arbitrary constant B field
without break the solution. In short, the supergravity solution is not modified by a constant
B-field since F
(NS)
MNP = dB = 0 and does not act as a source for the other supergravity
fields. This property has been used in [22] to construct the supergravity solution duals to
the non-commutative N = 4 SYM in four dimensions.
3.2 Maxwell Magnetic Field
Let us now introduce an external Maxwell electromagnetic field into the D4 branes system.
In this case the total action becomes
IIIA + Iexternal Maxwell F ield =
∫
d10
√−g
[
e−2Φ
(
R(g) + 4∇MΦ∇MΦ− 1
12
F
(NS)
MNPF
(NS)MNP
)
− 1
48
F
(RR)
MNPQF
(RR)MNPQ − 1
4
F (KK)MN F (KK)MN −
1
4
F (Maxwell)MN F (Maxwell)MN
]
. (3.2)
We may use above action to find the supergravity solution under external Maxwell field.
However, as the Maxwell field strength (F (Maxwell)MN ) has a same form as the RR Melvin field
strength (F (KK)MN ) the supergravity solution of D4 branes under external RR Melvin field
strength (in the case of zero F (Maxwell)MN ) also describes the solution of the D4 branes under
external Maxwell field strength (in the case of zero F (KK)MN ). It is this simple observation that
although the supergravity solution represent the D4-brane under the external
Melvin field flux of RR one-form we see that it also is the solution of D4-brane
under the external Maxwell electromagnetic field while turn off the F (KK)MN . In
this paper we will use the found supergravity solution to investigate the dual gauge theory
under the external Maxwell field.
Note that a Melvin gauge field may be physically different from flavor gauge fields in the
Sakai-Sugimoto model. The latter are generally non-Abelian, and external magnetic fields
may be included for the charge generator embedded in the non-Abelian flavor group, thus
coupling differently to different flavors, while the Melvin gauge field lives in the bulk and
couples uniformly. Therefore, the magnetic field considered by previous authors [5-11] affects
only the flavor sector and the color degrees of freedom do not sense this field. Thus, the
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external fields are always viewed as some appropriate gauge mode on the probe itself and
do not backreact or modify the background. The magnetic field we consider in this paper,
however, are the part of the background itself. Thus, we have presented an interesting
alternative to previous procedures because our method does not require the assumption of
negligible back reaction.
4 Meson in Sakai-SugimotoModel under Maxwell Mag-
netic Field
In this section we will use our gravity background to study the Sakai-Sugimoto model under
the Maxwell magnetic field and compare it with that studied by previous author [8-11]
4.1 Meson under Melvin Maxwell Magnetic Field
To investigate the Sakai-Sugimoto model [11] on the above supergravity background we
consider a D8-brane embedded in the D4 branes background (2.9) with U = U(w). Then
the induced metric on the D8-brane is given by
ds2D8 =
√
1 +B2r2
[(
U
3
2 + U
−3
2 U ′2
)
dw2 + U
3
2
(
−dt2 + dz2 + dr2 + r
2
1 +B2r2
dφ2
)
+ U1/2dΩ24
]
.
(4.1)
Using above induced metric, Frφ in (2.10) and dilaton field in (2.8) the DBI action (1.1) and
associated Lagrangian for the probe D8 brane are
SDBI =
∫
d9ξ e−φ
√
−det(Gab + Fab) =
∫
d9ξ L(U, U ′), (4.2)
in which
L = (1 +B2r2) U 52
√√√√1 + 1
U3
(
∂U
∂w
)2√
U3 +Bz(r)2, Bz(r) ≡ B
(1 +B2r2)2
. (4.3)
As L(U, U ′) is independent of w the Hamiltonian corresponding to w will be a constant.
Therefore
Hw = U ′∂L(U, U
′)
∂U ′
− L(U, U ′) = const., (4.4)
and we find an equation
U4
√
1 +Bz(r)2/U3√
1 + U ′2/U3
= U40
√
1 +Bz(r)2/U
3
0 , Bz(r) ≡
B
(1 +B2r2)2
(4.5)
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in which U0 is the minimum value of U that the probe brane can reach satisfying U
′|U=U0 = 0.
After numerical study (4.5) we plot the function U(w) in figure 1.
✲ w
U
∞
U
Figure 1. The dotted U-shaped curve represents a profile in vanishing background field and
the solid U-shaped curve represents a profile when a Melvin magnetic field.
We see that the magnetic field will bend the profile of D8 branes and therefore force the
brane pair to join closer to the boundary. Therefore an external magnetic field will promote
the chiral symmetry breaking, as that in [8].
4.2 Meson under NS-NS B Field
As mentioned in section, as the Bab can be mixed with the gauge field strength Fab in DBI
action this is equivalent to a magnetic field on the world volume. In this way the gravity
background does not be modified by B (or Maxwell field) and the induced metric on the
D8-brane used by many other authors [8-10] for the constant external magnetic field B0 is
given by
ds2D8 =
(
U
3
2 + U
−3
2 U ′2
)
dw2 + U
3
2
(
−dt2 + dz2 + dr2 + r2dφ2
)
+ U1/2dΩ24, (4.6)
which is different from our equation (4.1).
The corresponding Lagrangian density can be easily calculated from DBI action, as be-
fore. As the Lagrangian density is independent of w the Hamiltonian corresponding to w
will be a constant. This then implies the equation
U4
√
1 +B0/U3√
1 + U ′2/U3
= U40
√
(1 +B0)2/U
3
0 , (4.7)
which becomes the equation (4.5) with simple substituting
B0 → Bz(r). (4.8)
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It is surprised that although our metric (4.1) is very different from (4.6) the equation (4.5)
and (4.8) have a very similar form. Therefore the two method show a similar property that
an external magnetic field will promote the chiral symmetry breaking, as that in [8].
Note that we could also follow the method of [11] to study the spectrum of a meson
whose position is on a fixed position r. In this case we need to consider the Wess-Zumino
term in (1.1). It is easy to see that simply substituting (4.8) to the result in [11] we could
obtain the desired result in our model spacetime.
5 Wilson Loop
In this section we will use our gravity background to study the Wilson loop under maxwell
magnetic field. Note that, as the previous study used the gravity background which does
not be modified by B (or Maxwell field) they could not find the property presented in below.
5.1 Wilson Loop : Case 1
Following the Maldacena’s computational technique the Wilson loop of a quark anti-quark
pair is calculated from a dual string [13]. The string lies along a geodesic with endpoints on
the AdS5 boundary representing the quark and anti-quark positions.
The first case we consider is that the quark and anti-quark sit on z = ±L
2
with fixed r,
as shown in figure 2.
✻✻✻✻
Bz
✻✻✻✻
r0
②
Q(z = L
2
)
②
Q¯(z = −L
2
)
Figure 2. The quark and anti-quark sit on z = ±L
2
with fixed r.
Therefore, the string under the magnetic background (2.9) has following ansatz
t = τ, U = σ, z = z(σ), (4.1)
9
with a fixed value of r. The Nambu-Goto action (1.2) becomes
S =
1
2π
√
1 +B2r2
∫
dσ
√
1 + U3(∂σz)2. (4.2)
As the quark pair sits on the constant value of r the overall factor (1 + B2r2) is a just a
constant the property of the quark potential could be analyzed as before [13]. The method
is reviewed in below, as we need the formula in next subsection.
First, as the associated Lagrangian L does not depend on z the momentum πz is a
constant
πz ≡ ∂L
∂(∂σz)
=
√
1 +B2r2
U3(∂σz)√
1 + U3(∂σz)2
=
√
1 +B2r2 U
3/2
0 , (4.3)
as at U0 we have property ∂σz →∞. Above relation implies that
(∂σz)
2 =
1
U3
U3
U3
0
− 1 . (4.4)
The distance L between quark and antiquark is
L = 2
∫ L/2
0
dz = 2
∫
∞
U0
dσ
dz
dσ
= 2
∫
∞
U0
dU
1
U3/2√
U3
U3
0
− 1
=
2√
U0
∫
∞
1
dy
1
y3/2
√
y3 − 1 =
1√
U0
(π)3/2Γ(5/3)
Γ(5/6)
.
(4.5)
Next, using (4.10) the interquark potential V (U0) could be calculated as follow
V (U0) =
√
1 +B2r2
π
[∫
∞
U0
dU
√
1 + U3(∂σz)2 −
∫
∞
0
dU
]
=
√
1 +B2r2
π

∫ ∞
U0
dU
√√√√1 + 1
U3
U3
0
− 1 −
∫
∞
0
dU

 = −
√
π U0Γ(
2
3
)
Γ(1
6
)
√
1 +B2r2, (4.6)
in which we have subtracted the bare string energy. Eqs (4.5) and (4.6) implies
V (L) = −
√
1 +B2r2
Γ(2
3
)
Γ(1
6
)
(π)7/2Γ(5/3)2
Γ(5/6)2
1
L2
, (4.7)
and we see that the Maxwell magnetic field could enhance the quark-antiquark potential.
5.2 Wilson Loop : Case 2
The second case we consider is that the quark and anti-quark sit on x = ±L
2
, as shown in
figure 3.
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✻✻✻✻
Bz
②
Q(x = L
2
)
②
Q¯(x = −L
2
)
Figure 3. The quark and anti-quark sit on x = ±L
2
Therefore, the string under the magnetic background (2.9) has the following ansatz
t = τ, U = σ, r = r(σ). (4.8)
The Nambu-Goto action (1.2) becomes
S =
1
2π
∫
dσ
√
(1 +B2r2)(1 + U3(∂σr)2), (4.9)
As we can not exactly solve this case we will consider the case with small B field. The action
to first order of B2 becomes
S ≈ 1
2π
∫
dσ
[√
1 + U3(∂σr)2 +
B2r2
2
√
1 + U3(∂σr)2
]
. (4.10)
The second term is the corrected energy which could be calculated from the following formula
δV =
1
π
[∫
∞
U0
dU
√
1 + U3(∂σr)2
B2r2
2
−
∫
∞
0
dU
B2(L/2)2
2
]
. (4.11)
Notice that, as the space is inhomogeneous we have to subtract the energy of bare string
which is located at r = L/2.
The functions (∂σr)
2 and r in the first term of (4.11) are the zero-order functions and we
can use (4.4) and (4.5) to find their values (with z → r and B → 0)
(∂σr)
2 =
1
U3
U3
U3
0
− 1 , r =
∫ r
0
dr =
∫ U
U0
dσ
dr
dσ
=
∫ U
U0
dU
1
U3/2√
U3
U3
0
− 1
=
1√
U0
∫ U/U0
1
dx
1
x3/2
√
x3 − 1 .
(4.12)
After the substitutions (4.12) into (4.11) we find that
δV =
B2
2π


∫
∞
U0
dU


U3/2
U
3/2
0√
U3
U3
0
− 1
(
1
U0
∫ U
U0
1
dx
1
x2
√
x3 − 1
)2
− (L/2)2

−
∫ U0
0
dU (L/2)2


11
=
B2
2π

∫ ∞
1
dy

 y3/2√
y3 − 1
(∫ y
1
dx
1
x3/2
√
x3 − 1
)2
−
(
(π)3/2Γ(5/3)
Γ(5/6)
)2−
(
(π)3/2Γ(5/3)
Γ(5/6)
)2
= −0.3785 B2, (4.13)
after numeric evaluations. Thus, the Maxwell magnetic field will produce a negative potential
energy, which also enhance the quark-antiquark potential.
6 Conclusion
In this paper we have constructed the supergravity background of inhomogeneously magnetic
field deformed AdS6 × S4. We have used a simple observation to see that the supergravity
solution, which represents the D-brane under the external Melvin field flux of RR one-form,
is also the solution of D-brane under the external Maxwell field flux. We use the solution
to study the meson property through D4/D8 system and compared it with those studied by
many authors [5-11]. As the magnetic field we consider is the part of the background itself
we have presented an interesting alternative to previous procedures, because our method
does not require the assumption of negligible back reaction. We also present a detailed
analysis about the Wilson loop therein. The results show that the effect of magnetic field is
to enhance the quark-antiquark potential and its effect will depend on the direction of field
with respect to the direction of quark-antiquark.
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